By a mixture density is meant a density of the form π µ (·) = π θ (·) × µ(dθ), where (π θ ) θ∈ is a family of probability densities and µ is a probability measure on . We consider the problem of identifying the unknown part of this model, the mixing distribution µ, from a finite sample of independent observations from π µ . Assuming that the mixing distribution has a density function, we wish to estimate this density within appropriate function classes. A general approach is proposed and its scope of application is investigated in the case of discrete distributions. Mixtures of power series distributions are more specifically studied. Standard methods for density estimation, such as kernel estimators, are available in this context, and it has been shown that these methods are rate optimal or almost rate optimal in balls of various smoothness spaces. For instance, these results apply to mixtures of the Poisson distribution parameterized by its mean. Estimators based on orthogonal polynomial sequences have also been proposed and shown to achieve similar rates. The general approach of this paper extends and simplifies such results. For instance, it allows us to prove asymptotic minimax efficiency over certain smoothness classes of the above-mentioned polynomial estimator in the Poisson case. We also study discrete location mixtures, or discrete deconvolution, and mixtures of discrete uniform distributions.
1. Introduction. Let (X, F ) be a measurable space and let (π θ ) θ ∈ be a parametric family of densities on X with respect to a common measure ζ . The parameter θ is assumed to range over a set ∈ B(R d ); here d ≥ 1 and B(·) denotes the Borel sets. For any probability measure µ on ( , B( )), the mixture density π µ is defined on X by π µ (x) = π θ (x) 
µ(dθ ).
Here the family (π θ ) is called the mixands and µ is the mixing distribution. If µ has finite support, π µ is called a finite mixture (density). Estimation of such mixtures from an i.i.d. sequence (X i ) 1≤i≤n distributed according to π µ , with the aim of recovering the unknown support points, their weights and maybe also their number, has a long history and we refer to the monographs by McLachlan and Peel [18] , Titterington, Smith and Makov [20] and Lindsay [15] for further reading. In the present paper we are interested in nonparametric estimation of the mixing distribution µ. We will assume that each such distribution under consideration has a density, called the mixing density and denoted by f , with respect to a known reference (Radon) measure ν on ( , B( )).
The problem of estimating f for mixtures of discrete distributions (X is discrete) has been investigated, for instance, by Zhang [23] and, for Poisson mixtures with ν being Lebesgue measure, by Hengartner [12] ; see also references in these two articles. The estimators examined by these authors are of two sorts. Zhang [23] used a kernel density estimator and adapted it to the mixture setting to estimate f pointwise. Hengartner [12] used a projection estimator based on orthogonal polynomials to obtain an estimator of f as an element of L 2 [a, b] , 0 ≤ a < b < ∞. Loh and Zhang [16] used the kernel estimator to derive estimators of f in the two cases f ∈ L p [0, b] and f ∈ L p [0, ∞) with 1 ≤ p ≤ ∞. The main results of these works are concerned with establishing rates of convergence of the estimators, depending on smoothness conditions assumed on the mixing density, and with establishing bounds on the achievable minimax rate for mixing densities within balls defined by similar smoothness conditions.
The results on both estimators were condensed and slightly generalized by Loh and Zhang [17] , who also carried out a numerical study of their finite sample performance. A conclusion of their work is that, although both types of estimators achieve similar rates with similar smoothness conditions on the mixing density, projection estimators seem to behave much better for finite samples. As pointed out by Loh and Zhang [17] , the rates being logarithmic, it is not surprising that identical rates do not imply similar performance for finite sample sizes.
Another important point of the works cited above is that, although the rates of the estimators are derived over a wide range of smoothness classes, minimax rate optimality is proved only for particular instances. For example, Hengartner [12] obtained the rate of the projection estimator over Sobolev classes with arbitrary index of smoothness, but proved this rate to be minimax optimal for integer indices only. Similar remarks apply to the results of Loh and Zhang [17] , but for a family of ellipsoidal classes.
In this paper we develop a general framework for studying projection estimators, with the main focus on mixtures of discrete distributions. Let us denote by the linear operator mapping a real function h on X to a real function h on , defined by h(θ) = π θ h = X hπ θ dζ for all θ in , (1) whenever this integral is well defined. Here we use the classical functional analysis notation πh := h dπ. Above we defined π θ and π µ as densities on X with dominating measure ζ , but we will also use the same notation for the corresponding probability measures. Observe that, by Fubini's theorem, for all h such that π µ |h| < ∞,
The mean π µ h may be estimated by a sample mean obtained using i.i.d. observations from π µ ; see also [1] , where this problem is addressed for h within a given class of functions. The basic idea of what we call the projection estimator is now to estimate π µ h for a suitable finite collection of functions h and then to use (2) to obtain an estimate of µ. The precise definition is given in Definition 1.
Our objective, classical in a nonparametric approach, is to find the asymptotic behavior of the minimax risk where C, l and S n , respectively, denote a class of distributions, a loss function and a set of estimators defined on X n and taking values in a set compatible with the choice of l; π ⊗n µ is the distribution of n i.i.d. observations from π µ . It turns out that there is a simple argument to lower-bound this quantity in a general mixture framework (Proposition 1).
However, for exploiting this lower bound and studying the projection estimator, we will, as in the papers cited above, consider the case when µ is defined by its density f = dµ/dν for a fixed ν. In this setting we will likewise write π f for π µ . Furthermore, the density f will be assumed to belong to the Hilbert space H = L 2 (ν) with scalar product (f, g) H = fg dν. Given an estimatorf : X n → H of f , it is natural to consider a risk given by the mean squared error E f f − f 2 H ; here E f denotes integration with respect to π ⊗n f and · H is the norm on H. In nonparametric language this is a mean integrated squared error (MISE). We will notice that, in order to arrive at interesting results, it is sensible to define the class C above, which is now a class of densities in H, in accordance with the mixands. In the case of power series mixtures, this class is closely related to polynomials. Such ideas were used already by Lindsay [14] in a parametric framework. Still in the context of power series mixtures, we will obtain results on minimax rate optimality of the projection estimator, using classical results on polynomial approximations on compact sets (Theorem 3).
Having said that, we note that, quite generally, including Poisson mixands, the mixing density f may also be estimated using nonparametric maximum likelihood; Lindsay [15] is excellent reading on this approach. The optimization problem so obtained is an infinite-dimensional convex programming problem, and numerical routines for approximating the nonparametric MLE (NPMLE) can be constructed, at least in certain models. The problem with the NPMLE is rather on the theoretical side. van de Geer [21] proved a rate of convergence result in terms of Hellinger distance in a rather abstract setting, and it still remains to be determined what this result implies for the problems studied in the present paper.
The paper is organized as follows. In Section 2 we give a general lower bound, in an abstract framework, on the obtainable error over certain classes of mixing distributions. This result is then specialized to the Hilbert setting outlined above, that is, we consider the MISE obtainable over smoothness classes of densities. In Section 3 we define the projection estimator and give a bias-variance decomposition of its loss. Section 4 focuses on mixtures of discrete distributions, containing a main theorem that provides a lower bound on the minimax MISE achievable over smoothness classes related to the definition of the projection estimator. An upper bound is also given and we discuss how these two bounds apply in a common setting. In Section 5 we apply these results to power series mixtures and complete the results obtained by Hengartner [12] and Loh and Zhang [17] . Section 6 is devoted to translation mixtures, or discrete deconvolution, while Section 7 provides applications of our results to mixtures of discrete uniform distributions. Finally, in Section 8 we give some examples in which the general methodology of the present paper may be valuable, but which we have not explored further.
Before closing this section we give some additional notation that will be used in connection with the above-mentioned Hilbert space H. We write H + for the set of nonnegative functions in H, that is, H + = {f ∈ H : f ≥ 0}, and H 1 for the set of functions in H + that integrate to unity, that is, H 1 = {f ∈ H + : νf = 1}. In other words, H 1 is the set of probability densities on which are also in H. For any subset V of H, we write V ⊥ for the orthogonal complement of V in H, f ⊥ V if f ∈ V ⊥ and Proj V for the orthogonal projection on V . For two subsets W ⊆ V , we shall write
A general lower bound.
In this section we first give a lower bound on the obtainable loss in a more general framework, before turning to the setting specified in Section 1. To that end, let (X, F ) and ( , G) be measurable spaces and let the function (θ, A) → π θ (A) from × G to [0, 1] be a probability kernel. That is, π · (A) is measurable for all measurable subsets A ⊆ X and π θ (·) is a probability measure on (X, F ) for all θ in . For instance, π may be a regular version of a conditional probability P(X = ·|θ = ·) (we refer to [19] , Section 3.4, for more details).
We let M(X, F ) and M( , G) denote the sets of all signed finite measures on (X, F ) and ( , G), respectively. For any set A, we write 1 A for the indicator function of A. As in (1), the linear operator maps a real function h on X to a real function on defined by h(θ) = π θ h. Considering acting on bounded functions, its adjoint operator * operates from M( , G) to M(X, F ) and is given by
When µ is a probability measure on , its image * µ by * also is a probability measure; indeed, it is the mixture distribution obtained from the mixands (π θ ) and mixing distribution µ. For any real function h on X, we denote by M h the multiplication operator which maps a real function f on X to the real function defined by M h f (x) = h(x)f (x) for all x ∈ X. Considering this operator acting on bounded functions, its adjoint M * h is an operator on M(X, F ) given by M * h µ = µM h . In other words, M * h µ is the measure with density h with respect to µ. Finally, we consider a subspace E of signed measures on , equipped with a semi-norm N . We assume that E is endowed with a σ -field which makes this semi-norm measurable. We write S n for the set of all E-valued estimators based on n observations, that is, the set of all measurable functions from X n to E. Finally, E 1 is the set of all probability measures that belong to E.
PROPOSITION 1.
Let h be a real nonnegative function on X, bounded by 1. Let C be a symmetric set included in the kernel of M * h • * and let µ 0 be a probability measure on . Then for any number p ≥ 1,
REMARK. An obvious and interesting problem raised by the proposition is that of optimizing the right-hand side of (3) with respect to h.
REMARK.
One can allow the function h to depend on an index i as long as C is a subset of the kernel of each M * h i • * . Doing so, the second factor in the lower bound becomes 1≤i≤n * µ 0 h i .
REMARK. The supremum in the lower bound is also that of
Since this set is symmetric, the supremum is the pth power of its half diameter.
. Let µ be in the kernel of M * h • * such that µ 0 + µ is a probability measure. Then, since h ⊗n is bounded by 1, for all nonnegative functions g on X n ,
Now pick an estimatorμ in S n . Let µ be a signed measure in the kernel of M * h • * such that both µ ± := µ 0 ± µ are probability measures. Applying the above inequality twice, with g equal to g ± := N p (μ − µ ± ), we obtain
Furthermore, note that
so that the right-hand side of (4) is at least 2N p (µ)( * µ 0 h) n . The supremum in the left-hand side of (3) is at least half the left-hand side of (4), hence, at least N p (µ)( * µ 0 h) n . This corresponds to bounding the supremum risk from below by a two-point Bayes risk with uniform prior. We conclude the proof by optimizing over µ.
We note that Proposition 1 holds for norms such as the L p norms or the total variation norm in a nondominated context. Our particular interest in this result, however, is when π θ (A) = A π θ dζ (what we call the dominated case) and when E is the set of all finite signed measures with a density with respect to ν in H = L 2 (ν). As this is the main topic of the remainder of the paper, we now restate Proposition 1 in this context as a separate result. From now on, S n will denote the set of estimators in H from n observations, that is, the set of measurable functions from X n to H, where H is endowed with its Borel σ -field. PROPOSITION 2. Let f 0 be in H 1 and let h be a real nonnegative function on X, bounded by 1. Let C be a symmetric subset of H such that, for ζ -a.e.
. This proves (6) .
Re-examining the proof of Proposition 1 in this context shows that it uses arguments similar to those of the second part of the proof of Theorem 3.1 in [12] , but does not use Lemma 1 in [23] , where a lower bound on sup f P f { f − f H ≥ λ} is derived, the supremum being over a given subset of H 1 .
3. The projection estimator. Assume that (X i ) 1≤i≤n are i.i.d. with density π f with f in H 1 . We denote by P n the empirical distribution defined by
Let H denote the linear space containing all real functions h which satisfy π θ |h| < ∞ for all θ . For introducing the projection estimator, it is convenient to consider defined by (1) 
This estimator is called the projection estimator of f of order m [from n observations and with respect to (V m )].
From the assumptions above, the function which maps g in V m to P n −1 g is a linear functional and, thus, (7) completely defines f m,n by duality of the scalar product. The projection estimator relies on the following idea. First observe that in the Hilbert setting (2) reads
and holds for all h such that h is in H. Hence, for all g in V m , by the law of large numbers, P n −1 g tends to π f
Making m large as well, Proj V m f is roughly f , provided the closure of m≥1 V m contains f . An important part of the development is thus to find a suitable rate at which to increase m with respect to n. In practice, the projection estimator can be expressed using an orthonormal sequence (φ k ) k≥0 in H such that (φ k ) 0≤k≤d m −1 is a basis of V m for all m ≥ 1. The expansion of the projection estimator in this basis then reads
For any random element g in H such that π f g 2 H < ∞, we define its vari-
Under the i.i.d. assumption, the MISE of the projection estimator admits the following bias-variance decomposition.
From (9) and (8), we have
Inserting this equality into the next to last display and taking expectations yields
. Using (9) and the orthonormality of (φ k ), we obtain
The proof is complete.
We finish this section by noting that in many cases the sequence (V m ) is defined
is a linearly independent sequence in H. This constructive definition of (V m ) automatically ensures that all the above assumptions are verified. Observe, however, that the projection estimator only depends on the sequence (V m ), whence different choices of (h k ) are possible. In particular, by the Gram-Schmidt procedure, we can construct an orthonormal sequence (φ k ) as
for some real coefficients ( k, ) k, ≥0 for which we set k, := 0 for all > k ≥ 0. The sequence (φ k ) may then replace (h k ) for defining the same sequence (V m ), and in this context (9) becomes
4. Application to mixtures of discrete distributions. The basic assumption of this section is X = Z + and ζ is counting measure.
The case of continuous X seems to require deep adaptations and is left for future work. In the present setting we write 1 k for the indicator function 1 k (x) = 1(x = k) and take
Notice that 1 k = π · (k). We are hence in the constructive framework of Section 3 with dim V m = m, provided that (π · (k)) k≥0 is a sequence of linearly independent functions in H. In this section we thus make the following assumption.
is one-to-one. We recall that this holds whenever the mixands are complete (see Section 3). Assumption (A1) implies that the projection estimator f m,n is well defined and, as a linear combination of 1 k 's, belongs to L 1 (ν) for all m and n. Hence, it is a good candidate for estimating a probability density function with respect to ν. We elaborate further on this assumption in Section 4.3.
The results of Sections 2 and 3 may be used for bounding the minimax MISE inff ∈S n sup f ∈C E f f − f 2 H for particular smoothness classes C, which we now introduce.
For any positive decreasing sequence u = (u m ) m≥0 , any positive number C and any nonnegative integer r, define
Note that, for r ≥ 1, the classes C(u, 0, r) do not reduce to {0} but to V r . Also note that one may assume u 0 = 1 without loss of generality, in which case, recalling the convention V 0 = {0},
Usually we simply write C(u, C) for C(u, C, 0). This set can be interpreted as the ball of functions whose rate of approximation by projections on the spaces V m is controlled by (u m ) within a radius C. Finally, observe that having lim u m = 0 amounts to saying that C(u, C, r) is a subset of the closure of m≥1 V m in H.
For any fixed f 0 in H + , we define the following semi-norm on H:
with the convention 0/0 = 0 and s/0 = ∞ for s > 0. This semi-norm is not necessarily finite. Also introduce, for any subspace V of H,
Finally, we define for any positive numbers K and C, any sequence u = (u m ) as above and any nonnegative integer r,
4.1.
A lower bound on the MISE under (A1). The following result is derived from Proposition 2 using the smoothness classes above. 
REMARK. For the lower bound (18) to be nontrivial,
REMARK. The lower bound (18) can be optimized over all m ≥ r. In most cases K ∞,f 0 (V m+2 V m ) behaves like K ∞,f 0 (V m ) and thus increases as m gets large. Hence, the squared term in the lower bound decreases when m gets large while, in contrast, π f 0 {0, . . . , m − 1} increases to 1 as m tends to infinity.
The proof of the theorem is prefaced by two lemmas.
with the convention 0/0 = 0 and s/0 = ∞ for s > 0.
PROOF. First assume that there is a Borel subset A of with ν(A) > 0 and such that both f 0 = 0 and |f | > 0 on A. It then follows immediately that the lefthand side of (19) is infinite, and so is the right-hand side (take g = f 1 A ). Now assume that there is no such set A. Using the convention 0/0 = 0, we then have f = (f/f 0 )f 0 ν-a.e. Letting µ 0 be the measure having density f 0 with respect to ν, we find that the left-hand side of (19) , ν-ess sup |f/f 0 |, equals µ 0 -ess sup |f/f 0 |. Furthermore, µ 0 is a σ -finite measure. Indeed, since ν is σ -finite, the Cauchy-Schwarz inequality shows that [9] , Theorem 4.14.6), implying that the left-hand side of (19) equals
again with the convention 0/0 = 0. It now remains to show that this display is equal to the right-hand side of (19) . To do that, notice that, for any g in
Thus, the right-hand side of (19) is the supremum of the same ratio as in right-hand side of the last display, but over g in H rather than over g in L 1 (µ 0 ). However, these suprema are, in fact, identical, which concludes the proof. To see the equality, first observe that since
The inverse inclusion does not hold, but, by optimizing the sign of g in the two suprema, we may replace f by |f | in the numerators and restrict the suprema to nonnegative g's and then use the result that any nonnegative function g in L 1 (µ 0 ) can be approximated by an increasing sequence of functions in H [e.g., by (g1 |g|≤M ) M>0 ].
LEMMA 2. Adopt the assumptions of Theorem 1 and denote by C the set
We then have the upper and lower bounds
PROOF. We start with the upper bound (20) 
We now turn to the lower bound. Let (φ k ) k≥0 be an orthonormal sequence in H such that V m = Span(φ 0 , . . . , φ m−1 ) for all m ≥ 1 (see Section 3). Using the fact that k≥0 1 k = 1 = 1, monotone convergence provides
The right-hand side of this equation is finite by (A1). Since φ l is a linear combination of ( 1 s ) 0≤s≤l , we obtain
We shall now prove (21) by constructing a function f in C satisfying f 0 ± f ∈ H 1 and whose norm equals the right-hand side of (21) . To that end, note that, by (22), we can find two numbers α and β such that
and, putting f := αφ m + βφ m+1 ,
To finish the proof, we need to show that f ∈ C and f 0 ± f ∈ H 1 . To start with we note that f lies in V m+2 and that
Finally, as a finite linear combination of
Hence, dominated convergence and (23) yield νf = k≥0 (f, 1 k ) H = 0. By Lemma 1, we also find that, for all g in H + ,
Together with νf = 0, this shows that f 0 + f ∈ H 1 . The same arguments hold true for f 0 − f and the proof is complete.
PROOF OF THEOREM 1. Take C as in Lemma 2 and define h :
Since such a 1 x trivially lies in V m , it is orthogonal to C . Thus, the conditions of Proposition 2 are met. Proposition 2, Lemma 2 and the trivial observation C ⊆ C f 0 (K, u, C, r) now prove the theorem.
An upper bound on the MISE under (A1).
We shall now derive an upper bound on the MISE in the same context as above, by bounding the MISE of the projection estimator. The bias in Proposition 3 is trivially bounded within the smoothness classes defined above, so what remains to do is to bound the variance term uniformly over the same classes.
In the following we denote by R m the m × m upper-left submatrix of the infinite array 
REMARK. The upper bound (25) can be optimized over all m ≥ r. As expected, the bias term decreases and the variance bound increases as m grows.
PROOF OF THEOREM 2. Pick a probability density f in C f ∞ (K, u, C, r) and depart from Proposition 3, noting that the squared bias term is bounded by (Cu m ) 2 
The proof is concluded by observing that, as a positive definite symmetric matrix, R −1 m has positive entries on its diagonal and by noting that
REMARK. Our objective here is only to provide an upper bound that is uniform over a given class of densities. For power series mixtures (Section 5) and mixtures of uniforms (Section 7), the bound on the variance var f ( f m,1 ) will be made more explicit by using orthogonal sequences. These bounds will then be derived directly from (12) . However, they are closely related to the upper bound derived above. Indeed, let m denote the matrix ( k, ) 0≤k, <m , where k, is as in Section 3. Observing that
This relates (25) to orthonormal sequence techniques.
4.3.
Existence of smooth densities. Theorems 1 and 2 provide lower and upper bounds, respectively, on the MISE. The classes over which these bounds apply are different in structure though; the class in Theorem 1 is a ball centered at f 0 , while that in Theorem 2 is centered at 0. Therefore, the two bounds are not immediately comparable. The purpose of the following result is to show that under some conditions the former class is included in the latter one, thus implying that the lower bound is indeed smaller than the upper bound. 
holds.
PROOF. This follows from the inclusion
In the case where the inclusion (26) holds, the lower and upper bounds of Theorems 1 and 2, respectively, apply in a common setting. Hence, it is important to be able, given a smoothness class, to find f 0 satisfying the assumptions of Proposition 4. Under (A1), given any sequence u = (u m ), it is always possible to find a nonnegative number C 0 such that the class C(u, C 0 , r) contains a probability density f 0 for all nonnegative r. Take f 0 = 1 0 /ν 1 0 ; we then trivially have f 0 ∈ H 1 and f 0 ∈ C(u, C 0 , r) for all C 0 ≥ 0 if r > 0, or for all C 0 ≥ f 0 H otherwise. This choice will indeed be made in the case of a power series mixture in Section 5. In general, this f 0 does not guarantee the norm · ∞,f 0 to be finite on the sets (V m ) m≥0 , however, which is crucial for the lower bound (see the remark following Theorem 2). In the rest of this section we provide a general construction of f 0 which satisfies this constraint. Define
By k≥0 α k 1 k ∈ H, we mean that n k=0 α k 1 k converges in H as n tends to infinity. Note that the series having nonnegative terms, by the monotone convergence theorem, this is equivalent to saying that
Of course, H * is contained in H + , and for any function f = k≥0 α k 1 k ∈ H * , we have
k for all k; consequently, · ∞,f is a finite norm on every V m . We now show the existence of a "smooth probability density" f 0 in H * , given any smoothness sequence u = (u m ). (ii) There exists a positive constant C 0 such that there are elements in H * ∩ H 1 which also belong to C(u, C 0 ).
PROOF. The linear independence part of (A1) implies
Hence, we may pick (α k ) with α k > 0 for all k and such that k α k 1 k is both in H and in L 1 (ν). It is then also in H 1 by normalizing appropriately. Hence, the first part of the proposition.
For
The second constraint simply says that the α k 's cannot be too large for k ≥ r. If r ≥ 1, the first constraint is then met by adapting the values of α k for k = 0, . . . , r − 1. If r = 0, then C must be taken large enough for both constraints to be compatible. We now formalize these ideas.
Let 
Then, by construction, (β k ) is a positive sequence and, for all m ≥ 0, both k≥m β k 1 k H and k≥m β k ν 1 k are less than u m . Now pick a positive number C. Take α k = λβ k for all k > 0, where 0 < λ ≤ C and λ < ( k>0 β k ν 1 k ) −1 . Then the second part of (27) holds with r = 1 and we may choose α 0 > 0 for insuring the first part of (27). It follows that f 0 :
For the case r = 0, define C 0 := ( k≥0 β k ν 1 k ) −1 ; this a finite positive number by the definition of (β k ). Putting α k = C 0 β k for all k ≥ 0, (27) holds for C ≥ C 0 and r = 0. This proves (ii).
Minimax optimality.
By optimizing the bounds (18) and (25) over m ≥ r in a common setting (as detailed in the previous section), we obtain lower and upper bounds on the minimax MISE over classes C f ∞ (K, u, C, r) under the simple assumption (A1). Depending on how these bounds compare, we may obtain the minimax rate and possibly the asymptotic constant of the MISE achievable over such a class. However, this is not guaranteed. A crucial step for the lower bound is the computation of K ∞,f 0 , which will be possible only for particular smoothness classes. Concerning the upper bound, we will need to find a tractable bound on the variance, and this will only be possible in cases where orthonormal sequences are easily obtained.
In Section 5 these steps will be carried out for power series mixtures, resulting in minimax rates over smoothness classes as defined above. However, we will also give examples of mixands with different characteristics. In the setting of translation mixtures or deconvolution, treated in Section 6, an upper bound applies uniformly over all f in H 1 . We will then derive a better adapted lower bound of the same rate. In the setting of mixtures of discrete uniform distributions examined in Section 7, 1 k is not in L 1 (ν) for the most natural choice of ν. We will then choose (V m ) different from (13) and adapt the proof of Theorem 1 to this choice. Finally, in Section 8 we give situations in which how the lower and upper bounds compare is an open question.
Power series mixtures.
Let (a k ) k≥0 be a sequence of positive numbers with a 0 = 1, and let R, 0 < R ≤ ∞, be the radius of convergence of the power series
Obviously, Z(0) = 1 and Z is an increasing function on [0, R). Put Z(t) := 1/Z(t). For all θ ∈ [0, R), the discrete distribution π θ is defined by
In particular, the Poisson and negative binomial distributions are obtained using, respectively, a k = 1/k! and a k = ν+k−1 k
. It is without loss of generality to assume a 0 = 1, since any constant multiplier of (a k ) does not alter π θ .
Recall that H = L 2 (ν), where ν is a Radon measure on ; in the case of the above power series mixture, is a Borel subset of [0, R). Let us first give sufficient and necessary conditions on ν for our previous results to apply, that is, for assumption (A1) to hold. These conditions are as follows.
PROPOSITION 6. For mixands given by (28), (A1) is equivalent to having both the following assertions:
is finite for all nonnegative integers k; (ii) ν is not a finite sum of point masses.
Hence, (i) is necessary and it is sufficient for having a sequence in both
We now claim that the sequence ( 1 k ) k≥0 is linearly independent in H if and only if (ii) holds. First note that if (ii) does not hold, then H is finite-dimensional and cannot contain an infinite sequence of linearly independent elements. To prove the converse implication, assume that (ii) holds, so that the support of ν is infinite. Pick a nonnegative integer p and let (λ k ) 0≤k≤p be scalars such that 0≤k≤p λ k 1 k is the zero element of H, that is, 0≤k≤p λ k π θ (k) = 0 for ν-a.e. θ ∈ . Since π · (k) is continuous on for all k, {θ ∈ : 0≤k≤p λ k π θ (k) = 0} is a closed set (in the relative topology on ). Consequently, it contains the support of ν and, thus by (ii), p + 1 distinct points θ i ∈ , i = 0, . . . , p. As Z > 0, it follows that 0≤k≤p λ k a k θ k i = 0 for i = 0, . . . , p, which in turn implies λ k = 0 for k = 0, . . . , p. This shows that ( 1 k ) 0≤k≤p are linearly independent for all p ≥ 0, which completes the proof.
The objective of the remainder of this section is to carefully apply Theorem 1 to power series mixtures when ν is Lebesgue measure on a compact interval, and to find upper bounds on the MISE for the projection estimator. This is organized as follows. We first provide computational expressions for the projection estimator in Section 5.1. We then examine the smoothness classes defined by (14) , (15) and (17) , and how these classes intersect H 1 (see Section 5.2). In this context and under a submultiplicative assumption on the sequence (a k ), we find that the upper and lower bounds on the MISE have the same rate, the minimax rate. A closer look is made when R < ∞ and also for Poisson mixtures (for which R = ∞). These results are stated in Section 5.3, where they are also compared to previous results found in similar settings.
Computations based on orthonormal polynomials.
In this section we shall elaborate on the use of orthonormal polynomials in connection with the projection estimator and power series mixands. These polynomials will serve two purposes: being building blocks for numerical computations of the projection estimator and being a mathematical vehicle for establishing bounds on its variance.
The projection estimator may be computed using the techniques of Section 3. More precisely, since V m = Span( 1 k , 0 ≤ k < m) and P n 1 is the empirical frequency of in the sample (X i ) 1≤i≤n , (12) translates into
recall that k, := 0 for > k. In the case of power series mixtures, we may use orthogonal polynomial techniques for constructing the sequence (φ k ). Let P m be the set of polynomials of degree at most m (with the convention P −1 = {0}). In view of (28),
Define the measure ν on by dν = Z 2 dν and let H = L 2 (ν ). Then for any two polynomials p and q, (p Z, q Z) H = (p, q) H . Hence, if (q ν k ) k≥0 is a sequence of orthonormal polynomials in H with
then the sequence (φ k ) k≥0 defined by
. This shows that f m,n is the same estimator as the one defined by Loh and Zhang ([17] , equation (18)) with weight function w ≡ 1. However, it differs from the one studied by Hengartner [12] , since the latter is a polynomial, and ours is in V m . The coefficients Q ν k,l may be obtained using standard methods to compute orthogonal sequences of polynomials; a particular method is described in the Appendix. Let us also derive another estimator, denoted byf m,n and belonging to the space V m := {pZ : p ∈ P m−1 }. In analogy with Definition 1, this estimator is defined as the element of V m satisfying
Since P n −1 ( Z·) is a linear functional on P m−1 , this uniquely defines Zf m,n in P m−1 and thusf m,n . We see from (32) and (7) that f m,n = Proj V mf m,n . Therefore, by linearity,
Since projections do not increase the norm, taking the squared norm and expectation gives
We will use this property below to bound the variance of f m,n . At the moment let us note that this bound indicates thatf m,n does not behave as well as f m,n , even though, for brevity, we leave aside the problem of the bias. Nevertheless, the estimatorf m,n has the appealing property that it may be expressed by using a sequence (q ν k ) k≥0 of orthonormal polynomials in H = L 2 (ν) that does not depend on the sequence (a k ) but only on ν. To see this, let us write, as in (31),
Again, by convention, we extend the values of Q ν k,l to the domain l > k by zeros. An algorithm for computing Q ν k,l is given in the Appendix for = [a, b] and certain choices of ν. Let us now expressf m,n in terms of this sequence. By (33),
Since Zf m,n belongs to P m−1 , we conclude that the right-hand side of this display has the coefficients of the expansion of Zf m,n in the orthonormal basis (q ν k ). Thus,
Below we will use this expression to bound the variance of f m,n .
Approximation classes.
Recall the definitions (14) , (15) and (17) 
n≥0 . It turns out that, for these particular sequences, the classes C(u α , C) of Section 4 are equivalent to classes defined using weighted moduli of smoothness. This, in turn, will relate them to Sobolev and Hölder classes, classes that were considered by Hengartner [12] . To make this precise, let · p be the L p norm over The effect of the weight φ here is to relax the regularity conditions on f at the endpoints a and b. Finally, for all positive numbers α and C, define the classes
The following result shows that these classes are, in a certain sense, equivalent to C(u α , C). 
Before giving the proof of this proposition, we explain the point of this result and of defining the classes C(α, C). Recall that the standard modulus of smoothness 
, but is not contained in such balls. Using inequalities between Hölder, Sobolev and Besov semi-norms, it also follows that C(α, C) contains balls of the Hölder space C α [a, b] and of the Sobolev space W α 2 and, of course, converse inclusions are not to be found. In view of Proposition 7, since C(α, C) contains Besov, Hölder and Sobolev balls as just described, so does C(u α , C).
These inclusions are helpful for comparing our results to those of Hengartner [12] , where minimax rates are given for Sobolev balls with integer exponents and conjectured for Hölder balls. In his paper, as well as the present one, rates for the projection estimator are obtained using properties which hold over the classes C(α, C) and, consequently, over smaller ones such as Sobolev and Hölder balls. Minimax bounds, however, are obtained using different methods. Our approach takes advantage of the whole class over which the rate applies, whereas Hengartner [12] only used subclasses to derive minimax bounds. This "closer look" allows us to derive minimax bounds applying to C(α, C) for all α ≥ 1, not only integers, and to obtain results on the asymptotic constant when refining the class C(α, C) to C(u, C, r).
PROOF OF PROPOSITION 7. Write the equivalence relationships (38) as
We start by relating C(α, C) to classes of the form
recall that P m is the set of polynomials of degree at most m. Theorem 8.7.3 and equation (8.7 .25) of [4] show that, for all α > 0 and all r > α, there exist constants C 1 and C 2 such that, for all C > 0 and f ∈ H, 2 in cases not covered by the above implications, we obtain C(α, ·) C(u α , ·). Thus, also Z C(α, ·) ZC(u α , ·), where Z C(α, C) := {Zf : f ∈ C(α, C)} and so on.
Next we proceed to study ZC(u α , C). By (14) and (30),
Since Z is positive and decreasing on [a, b],
we thus see that in order to prove (38) it is sufficient to show Z C(α, ·) C(α, ·).
The remainder of the proof is thus devoted to showing that there are constants C 1 and C 2 such that f ∈ C(α, C) implies Zf ∈ C(α, C 1 C) and Zf ∈ C(α, C 2 C). Since b < R, Z is bounded away from zero and infinity on [a, b] and both Z and Z are thus infinitely continuously differentiable on this interval. Having made this observation, both of the desired implications follow from the claim that, for any Let us now consider the smoothness classes C f 0 (K, u, C, r) defined in (17) . We take f 0 such that, for two positive constants c 1 and c 2 ,
Under this condition the norm (16) satisfies
Thus, as in (38), the classes defined by (17) are equivalent to classes defined by the weighted modulus of smoothness and a bound on the sup norm. Indeed, with C(K, α, C) := {f ∈ C(α, C) : ess sup a≤t≤b |f (t)| ≤ K},
Another important consequence of (42) is that for bounding K ∞,f 0 (V m ) we may use the Nikolskii inequality (see, e.g., [4] , Theorem 4.2.6). This inequality states that there is a universal positive constant C such that, for all nonnegative integers m,
Also recall (30), that is, V m = {p Z : p ∈ P m−1 }. Combining these observations with (39) and the Nikolskii inequality yields, for all m ≥ 1,
for a positive constant C a,b depending only on (a k ), a, b and c 2 .
The following useful result says how the class C(α, C) intersects H 1 .
LEMMA 3. Let α be a positive number. If
Hence, the first part of the lemma. Now, using the strict convexity of the square function, equality in the above relation implies that f is constant. Thus, to prove the second part of the lemma, we need to check that the uniform density 1 [a,b] /(b − a) belongs to C(α, 1/ √ b − a ) for all α > 0. This is trivially true since ω φ k (1 [a,b] , t) 2 = 0 for all t > 0 and k > 0.
We conclude this section with a remark on the somewhat more general case when = [a, b] and ν(dt) = dt/w(t) for a weight function w, investigated by Loh and Zhang [17] . In this case the classes denoted by G(α, m, M, w 0 ) in [17] are included in the classes C(u α , C, m) as
for positive constants M 1 and M 2 depending on m, α and α . Hence, our setting is very close to the one adopted by Loh and Zhang [17] in their Section 3, where they provide lower and upper bounds on the MISE over these classes. However, all their results in this section rely on special conditions, namely, their (19) and (20), which imply restrictions on the parameters α and m defining the classes G(α, m, M, w 0 ) (see their Remark 3). In particular, the rate optimality in these classes is only obtained for integer α (we refer to the closing comments of Section 3 in [17] ). As remarked above, a similar restriction applies in [12] , where minimax rates are proved in Sobolev classes with integer exponents. In contrast, the lower bound of Theorem 1 will provide the minimax rate for all α ≥ 1 in our classes and we will also obtain results on the asymptotic constant.
Minimax MISE rates.
The following result is concerned with the asymptotic properties of the projection estimator and lower bounds on the MISE over the approximation classes of Section 5.2. Before giving the proof in Section 5.4, we make the following remarks and examine the particular cases of mixands with R < ∞ and Poisson mixtures:
(i) The condition on C in (c) is necessary since otherwise the class is empty or reduces to one element; see Lemma 3. In contrast, under the assumptions of (c), a direct application of (a) and (b) provides the same minimax rate over C(u α , C, r) ∩ H 1 for α > 1, r ≥ 1 and C > 0.
(ii) The same lower and upper bounds apply to classes defined by adding a bound on the uniform norm. For instance, part (c) holds when replacing C(α, C) by C(K, α, C) for any K > 1 (for K ≤ 1, this class is empty or reduces to the uniform density as for a too small C). This can be verified easily by reading the proof. (iv) The estimator f m n ,n in (a) depends only on (m n ), which is fixed by (a k ), a and b through (45). Thus, it is universal in the sense that it does not depend on C or α, although, under the conditions of (c), it is rate optimal in C(α, C) ∩ H 1 for all α ≥ 1 and all C > 1/ √ b − a. However, an interesting problem, which is left open in the present work, would be to build an estimator which adapts to an unknown
(v) Clearly, one can always find two sequences (m n ) and (m n ) satisfying the conditions of (a) and (b), respectively. In contrast, for obtaining (c), it remains to show that these sequences can be chosen equivalent. This requires further conditions on the asymptotics of (a k ).
A condition addressing the issue of item (v) above is the following:
There exists a positive constant c 0 such that a k+l ≤ c 0 a k a l (A2) for all nonnegative integers k and l.
This condition holds in various important situations including Poisson and negative binomial mixands. In Proposition 8 below we show that it ensures that Theorem 3(c) applies. The condition says that (a k ) is submultiplicative up to the constant c 0 . Mimicking the argument of the subadditive lemma (see, e.g., [3] , page 231, and Exercise 6.1.17, page 235), L = lim n→∞ n −1 log a n exists and is given by L = inf n≥1 n −1 (log c 0 + log a n ). Thus, c 0 a n ≥ e Ln for all n ≥ 1. Note that L = −∞ is possible. Since a n = O(e n (L+ε) ) and e nL = O(a n ) for all positive ε, L is related to the radius of convergence through the relation Re L = 1, that is, L = −∞ if and only if R = ∞ and L = − log R otherwise. In addition, for R < ∞, we see that the series a k θ k is divergent at θ = R.
A first simple application of this assumption is the following lemma: PROOF. A direct application of (A2) with (28) shows that, for all k ≥ m,
Thus, by monotone convergence and the observation We note that, with m n := [ηm n ], the asymptotic constants of parts (a) and (b) of Theorem 3 differ by a factor η 2α . Thus, up to this factor, the projection estimator is minimax MISE efficient over classes, C(u α , C, r) ∩ H 1 with α > 1 and r ≥ 1. How large η needs to be taken depends on the model through (a k ), a and b. The following result is a sharpened version of Proposition 8 in the case where R < ∞, obtained by optimizing with respect to η. We refer to the proof for details. The proof of Proposition 8 in the case where R = ∞ is postponed to Section 5.5. It provides an explicit, although more involved, construction of (m n ) and η in a way making η ≥ 2 necessary. 
PROOF. Put τ max := 1/ log{λ 2 (1 ∨ bR)} and consider (45). We will make use of the properties derived above from (A2). First we note that, since a k ≥ c
Thus, the log of the left-hand side of this equation is at most m log(λ 2 1 (1 ∨ bR)) − log n + log c 0 , so that for m n = [τ log n] with τ log(λ 2 1 (1 ∨ bR)) < 1, (45) (46), log w n ≤ log n + ηm n log(b/(R − ε)) up to an additive constant. Hence, we may choose η > −1/(τ log(b/(R − ε))) > 0 such that w n → 0. This achieves the proof of the minimax MISE rate by applying Theorem 3(c) with the chosen sequences (m n ) and (m n ). Theorem 3(b) gives a lower bound on the MISE asymptotically equivalent to C 2 (ητ log n) −2α . Optimizing with respect to ητ under the above constraints and letting ε tend to zero gives (49).
We note that Loh and Zhang [17] proved the rate (log n) α to be minimax over different smoothness classes, but also under different assumptions on (a k ). Corollary 1 extends their results to other classes and mixands, but only for b < R < ∞.
We now consider the Poisson case. We already know from Proposition 8 that we can find a universal projection estimator whose rate is optimal in classes C(α, C), which complements the results of Hengartner [12] and Loh and Zhang [17] . This does not address asymptotic efficiency, however, which includes computations of asymptotic constants. It turns out that a direct computation of (m n ) provides the following precise result for C(u α , C, r). 
for a positive c. Since m n ≤ τ log n/ log log n for τ in (0, 1] , a simple computation yields
log n log log log n log log n → −∞. in (0, 1) , it holds that m n ≥ σ log n/ log log n for large n. As usual, we set m n := [ηm n ] for a positive number η to be optimized later on and define (w n ) as in (46). Thus, if ησ > 1, then up to an additive constant,
The conclusions of the corollary now follow by applying the various parts of Theorem 3. In particular, the lower bound on the asymptotic MISE, normalized by the rate (log n/ log log n) 2α , is obtained upon observing that we may choose σ and, hence, also η, arbitrarily close to 1.
We recall that, in contrast to Corollary 2, Hengartner [12] did not consider constants and the exact rate was proved for Sobolev classes with entire exponents only. Likewise, Theorem 5 in [17] does not provide constants, and optimal rates are obtained only in cases similar to Hengartner [12] (cf. the paragraph ending Section 5.2 above). By determining the asymptotic constant, we also answer a question raised by Hengartner ([12] , page 921, Remark 4). He suggested that the optimal τ , in terms of the asymptotic constant, may depend on the smoothness class under consideration. The above result shows that, at least not over a wide range of classes, it does not. Furthermore, Loh and Zhang [17] proposed an adaptive method to determine τ in the formula m n = τ log n/ log log n for fixed n, but the behavior of this adaptive method was not proved to be better than for τ constant. Corollary 2 shows that such an adaptive procedure is not needed and that τ can be taken equal to one.
The final part of Corollary 2, saying that the projection estimator is asymptotically minimax efficient in the Poisson case, is a theoretical argument corroborating the conclusions of the empirical study of Loh and Zhang [17] . Indeed, in a simulation study they compared the projection estimator to a kernel estimator and found that the former performed significantly better for finite sample sizes. Both estimators achieve the optimal rate, but the kernel estimator does not exploit the polynomial structure of the classes C(u α , C, r); this probably introduces a nonnegligible constant in its asymptotics.
5.4.
Proof of Theorem 3. Throughout the proof we denote by K i some constants depending only on (a k ), a and b.
We start by proving (a). Take f in C(u α , C, r) ∩ H 1 . In the bias-variance decomposition of Proposition 3, the first term is then bounded by C 2 (m + 1) −2α for all m ≥ r. We now bound the second term in the right-hand side of (10). Using (34) and (35) and recalling that the q ν k are orthonormal in H, var f ( f m,1 ) is bounded by
Moreover,
Finally, using the bound on l (Q ν k,l ) 2 given by Lemma A.1, we obtain, for λ 0 > λ (recall that λ > 1 depends only on a and b) and m ≥ r,
Taking λ 0 in (λ, λ (18) provides a lower bound on the left-hand side of (47). Next we lower bound the right-hand side of (18) . Note that, for this choice of f 0 , (41) holds for c 1 and c 2 depending only on (a k ), a and b, so that, by (44) and the observation
Since we have assumed α > 1, the right-hand side of this expression equals C(m + 2) −α for large m. Regarding the second factor in the right-hand side of (18), we note that since f 0 is bounded on [a, b], there is a positive constant K 3 such that
By applying Theorem 1 as explained above, the two last displayed equations prove (47), with the more detailed lower bound claimed in remark (iii) following the statement of the theorem. Finally we show (c). The rate of the projection estimator follows from part (a) already proved, and the equivalence relationship (38) between the classes C(u α , C) and C(α, C). We now turn to proving optimality of this rate for α ≥ 1. Optimality over C(α, C) is established as in the proof of (b), but taking f 0 (t) = 1/(b − a) for a ≤ t ≤ b: we apply Theorem 1 and verify that, for this choice of f 0 , (18) implies the lower bound
for large enough n. Here are the details. Since f 0 is in
where C 1 is as in (38). Adding a constraint on the supremum norm makes an even smaller class, whence f 0 + C f 0 (K, u α , C 1 δ) ⊆ C(α, C) for any K > 0, say K = 1, provided δ is sufficiently small. Thus, the lower bound of Theorem 1 applies. Using the same arguments as in the proof of (b), we find that this lower bound behaves as K 5 ((m n + 2) −2α ∧ (m n + 2) −2 ), which has same rate as m −2α n for all α ≥ 1. This completes the proof of (c).
5.5. Proof of Proposition 8. We first note that, for R < ∞, the proof is completely contained in the proof of Corollary 1. Thus, we here consider the case R = ∞ only. Then the conclusions drawn from the subadditive lemma [the paragraph following (A2)] are not helpful, as we can only conclude that a k = O(ε k ) for any ε > 0; the latter is indeed implied by R = ∞ alone. Thus, a more refined analysis is necessary, as in the proof of Corollary 2.
First we note that, since b < R, it holds that
and, consequently, the condition (45) on (m n ) is implied by rather requiring
The reason why (52) is not used in Theorem 3 is that one would lose the constant derived for the Poisson case in Corollary 2. Moreover, using Lemma 4, we see that for (w n ) to converge to zero with m n = [ηm n ], it is sufficient that
It remains to check that there exist λ 1 > λ, η > 0 and (m n ) such that (52) and (53) hold true. We will do this by a constructive proof.
To this end, take λ 1 > λ arbitrary. The cornerstone in the construction is the following claim, to be proved below: we can find η, a positive number C 1 and K in (0, 1) such that, for all m ≥ 0,
Given that (54) holds, put
Since λ 1 > λ > 1 and K < 1, the sequence λ 2m 1 / min 0≤k<m a 2 k × K −m/2 is nondecreasing in m and tends to infinity. Thus, m n is finite for all n and (m n ) is nondecreasing and tends to infinity. Moreover, λ 2m n 1 / min 0≤k<m n a 2 k ≤ nK m n /2 , and (52) follows. On the other hand, from the definition of m n and (54),
for large n. Hence, (53) follows and the construction is complete. It now remains to prove the claim (54). To do this, let (r m ) m≥0 be a sequence such that a r m = min 0≤k<m a k . Applying (A2) yields 
Using 2r m+1 ≤ 2m again, we find that
Recalling that c 0 a p < 1, together with the two last displays, this yields
for a positive C 0 . Then with
we see that (54) holds for a positive C 1 . Finally, since (c 0 a p ) 1/p b < 1, we can choose a large enough η such that K < 1. The proof is complete.
6. Discrete deconvolution. In this section we take X = = Z and let ζ be counting measure. Let also p be a fixed and known probability mass function on Z and consider the mixands π θ (·) = p(· − θ). Another way to view this setup is the following. Take independent random variables ε and U , both in Z, with probability mass functions p and f , respectively, and put X = U + ε. Then the probability mass function of X is the convolution (f p)(·) = θ p(· − θ)f (θ) of f and p, which we can also write as θ π θ (·)f (θ ). Our interest in recovering f from i.i.d. observations from X can thus be phrased as a deconvolution problem. Note that this setting includes the case of ε being zero, that is, we estimate a discrete distribution.
Observe that, for all integer k, 1 k = p(k − ·). Applying the general approach of Section 4, we take V 0 = {0} and, for all m ≥ 1, V m := Span( 1 k : |k| < m). This, of course, defines an increasing sequence of linear spaces. It remains to choose the measure ν or, equivalently, the space H = L 2 (ν). A natural choice is to let ν be counting measure, that is, H = l 2 (Z). Then, since p is square-summable, (V m ) is a sequence of subspaces of H. It is practical to define the projection estimator using Fourier series. Thus, let
be the Fourier series with coefficients (p(k)) k∈Z . Then p * ∈ L 2 (−π, π] and, because p is a density, p * is continuous with positive L 2 norm. The Fourier series with coefficients ( 1 k ) k∈Z simply reads p * (−λ)e −ikλ . Because there necessarily is an interval on which p * is nonzero, {p * (−λ)e −ikλ } k∈Z is linearly independent and assumption (A1) then follows immediately. Hence, the projection estimator is well defined and the results of Section 4 apply. Let us derive the expression for the projection estimator f m,n through the Fourier series f * m,n with Fourier coefficients ( f m,n (k)) k∈Z . Let P * n be the Fourier series associated to the coefficients (P n 1 k ) k∈Z ,
Then applying Parseval's formula to (7) with g = 1 k , f * m,n is the unique element in Span(e −ikλ p * (−λ) : |k| < m) which satisfies, for all k = −m, . . . , m, 
where K 1 and K 2 are universal positive constants, c 0 :
REMARK. Observe that the lower bound may reduce to a positive constant only when the model is not identifiable, that is, if there exist f 0 and f 1 in H 1 such that c 1 = 0. In this case (56) cannot be fulfilled.
PROOF OF THEOREM 4. Since f ∞,n is unbiased, the upper bound simply is (58).
The rate n −1 of the lower bound on the MISE generally holds for any regular parametric statistical model. Here we derive it via a Bayes risk lower bound. Consider the parametric model {π (1−w)f 0 +wf 1 : w ∈ (0, 1)}. Put any continuously differentiable prior density r on w ∈ (0, 1) which is symmetric about 1/2:
and I(r) = 1 0ṙ (w) 2 /r(w) dw. Then, for any estimatorf from n observations,
Here the first inequality is the Bayes risk lower bound on the minimax risk and the second one is the van Trees inequality (a Bayesian Cramér-Rao bound); see, for example, [11] . We easily compute
with the convention 0/0 = 0. Using the symmetry of r, we obtain
where we simply used a + b ≥ |a − b| for any nonnegative a and b for the inequality. Hence, (59) gives the required lower bound, where K 1 = I(r) and K 2 = 1 0 w −1 r(w) dw are fixed once a particular choice of r is made.
REMARK. There is a tradeoff between K 1 and K 2 when the prior density r is chosen for optimizing the lower bound for finite n. Asymptotically, the lower bound is equivalent to c 0 /(K 2 c 1 n), and it is easy to see that the infimum of possible values of K 2 is 2 (let r tend to a point mass located at w = 1/2). Hence,
The right-hand side depends on f 0 and f 1 and should be compared to the asymptotic upper bound K p /(2π).
The statistical literature on deconvolution is vast, but it is primarily concerned with continuous random variables having densities with respect to Lebesgue measure, often on R. Some key references on achievable minimax rates of convergence over suitable smoothness classes in that setting are [2] and [6] for pointwise estimation of the mixing density, and [5, 7, 8, 22] for (weighted) L p loss. The difficulty of the estimation then depends on whether the characteristic function of ε, that is, essentially our p * , vanishes algebraically or exponentially fast at infinity, these cases being referred to as ordinary smooth and supersmooth error densities, respectively. With an ordinary smooth error density, the optimal rate of convergence is algebraic in n, whereas it is algebraic in log n when the error density is supersmooth.
In the discrete setting considered here, the notions of ordinary smooth and supersmooth error densities are void, since p * is defined on a compact interval, the unit circle. The MISE rate n −1 of Theorem 4 is also faster than what is obtained in the papers cited above; it only appears as a limit in the ordinary smooth case when the unknown density f has infinite smoothness. In the discrete case, the rate n −1 may not hold when (56) fails; some additional remarks on this issue are given in Section 8.
Mixtures of uniform discrete distributions. We now take
= N := {1, 2, . . .}, X = Z + and let ζ and ν both be counting measure. Thus, H = l 2 ( ). Consider mixands given by the family of uniform discrete distributions on {0, 1, . . . , θ − 1}; that is, 1 k (θ ) = π θ (k) = θ −1 for 0 ≤ k ≤ θ − 1 and 0 otherwise. Observe that, for all k ≥ 0, 1 k (θ ) = θ −1 for large θ so that 1 k is not in l 1 ( ) and (A1) does not hold. Then letting the space V m be spanned by ( 1 k ) 0≤k<m as in Section 4 would yield an estimatorf m,n that is a linear combination of nonintegrable functions and, hence, a poor estimator of the mixing density. It is possible to circumvent this problem by replacing ν by a distribution such that ((1 + θ) −1 ) θ ≥0 belongs to L 1 (ν), but then the difficulty would lie in the definition of the smoothness classes (14) . Indeed, in this case a different choice of V m provides a much simpler definition of smoothness classes. For all k ≥ 0, we let h k = (k + 1) (1 k − 1 k+1 ) , which yields
Hence, ( h k ) k≥0 is itself the orthonormal basis denoted by (φ k ) in Section 3. It follows that
and the smoothness classes of Section 4 read
As in Section 6, this implies that the MISE rate n −1 is achievable as soon as π f has finite second moment, that is, k≥0 k 2 π f (k) < ∞. Moreover, it holds that π f has finite second moment for any f in C(u, C, r) ∩ H 1 whenever u = (u m ) satisfies m 3/2 u m < ∞. Indeed, as a simple consequence of the Cauchy-Schwarz 
We easily compute
and (62) follows from the two last inequalities. 
Open problems.
In Sections 5 and 6 we have investigated some particular cases for which (A1) is satisfied and, thus, both Theorem 1 and Theorem 2 apply. The upper bounds were, in fact, obtained directly without using Theorem 2, but are essentially similar (see the remark following the proof of Theorem 2). We have also seen in Section 7 that, in certain situations when (A1) does not hold, this approach could be adapted. However, only in the case of power series mixtures and in the adaptation of Section 7 could we compute explicit lower and upper bounds giving rise to identical rates. In the case of discrete deconvolution of Section 6, we even gave an alternative lower bound which gives the optimal rate in the degenerate case where the projection estimator f m,n can be defined for m = ∞. In this section we outline a few open problems for which the framework of the present paper is potentially applicable, but in which we do not attempt to compute the bounds. 8.1. Multivariate power series. Proposition 6 shows that Theorem 1 applies for a large range of dominating measures ν. Condition (i) is a simple reformulation of the requirement of having π · (k) both in L 1 (ν) and in L 2 (ν) for all k, and easily generalizes to other mixands. Condition (ii) also generalizes when π · (k) is related to a well-known sequence of linearly independent functions (here the polynomials). For instance, it trivially generalizes to multivariate power series mixands (see [13] 2 only appears in π θ (x 1 , x 2 ). The rest of the proof above applies similarly.
Although Theorems 1 and 2 apply, the rates they provide are not known explicitly.
Power series mixing distributions with noncompact support.
Let again π θ be the Poisson distribution with mean θ , and let = R + . Thus, we have power series mixands with a k = 1/k!, but with being unbounded. Take ν as Lebesgue measure, so that H = L 2 (R + ). Applying (12) [see also (35)], we find that, for all f in H 1 , the variance term in Proposition 3 is bounded by For sequences u α the obtained root MISE rate is (log n) −α by choosing m n = [τ log n] for small τ . This is better than when b < ∞ (see Corollary 2) . Concerning lower bounds on the MISE, Loh and Zhang [17] give such a one in their Theorem 4 over particular classes related to ours, but their assumptions do not apply in the case considered here because they correspond to a weight function w = 1 R + with infinite L 1 norm. Hence, it is still to be found if the logarithmic rate of the projection estimator is optimal in this case. Theorem 1 applies and Proposition 5 shows that C(u, C, r) ∩ H 1 is nonempty for a positive r or for large C. The next problem, which we have not solved, rather consists in finding f 0 in this intersection such that u m = O(1/K ∞,f 0 (V m+2 V m )), which is the key in our method for showing that the minimax MISE rate is (u 2 m n ).
Discrete deconvolution with vanishing characteristic function.
Let us return to the setting of Section 6. If condition (56) is not satisfied, our analysis must be refined. It is indeed possible that the optimal rate is slower in this case, and the behavior of p * at its zeros may then yield the optimal rate of convergence.
To our knowledge, this problem has not been studied. A possible approach would be to mimic that of Section 5.1 by observing that the projection estimator can be easily defined using a sequence of orthonormal trigonometric polynomials in L 2 (ν ) with ν (dt) = |p * | 2 (t)1 (−π,π] (t) dt, and to express f m,n using such a sequence. However, in contrast to power series mixands, the behavior of the projection estimator here should be driven by the measure ν , that is, by using precise assumptions on its zeros when (56) fails.
APPENDIX
Recurrence relations for orthonormal polynomials. In this appendix we give some further results for the orthogonal polynomials (q ν k ) in H and (q ν k ) in H , introduced in Section 5.1. For any measure ν 0 on R, one can construct an orthogonal sequence of polynomials (r k ) k≥0 with increasing degrees in L 2 (ν 0 ) using a so-called three terms recurrence relation, is λ. The lemma follows.
